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Abstract. The radial flux of toroidal angular momentum is needed to determine
tokamak intrinsic rotation profiles. Its computation requires knowledge of the
gyrokinetic distribution functions and turbulent electrostatic potential to second-order
in ǫ = ρ/L, where ρ is the ion Larmor radius and L is the variation length of the
magnetic field. In this article, a complete set of equations to calculate the radial
transport of toroidal angular momentum in any tokamak is presented. In particular,
the O(ǫ2) equations for the turbulent components of the distribution functions and
electrostatic potential are given for the first time without assuming that the poloidal
magnetic field over the magnetic field strength is small.
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1. Introduction
Intrinsic rotation is the toroidal rotation that tokamak plasmas can achieve without the
need of external momentum input. There is a number of reasons why intrinsic rotation
has become an active research field in the last years [1, 2]. First, fast toroidal rotation
seems to improve confinement [3] and it quenches MHD instabilities [4]. Second, it
is unlikely that rotation in the core of large and dense tokamaks can be produced by
means of neutral beam momentum injection [5, 6]. Therefore, in tokamaks like ITER
or larger, the only rotation available will be intrinsic. Third, Parra and Catto showed
that standard code implementations of the gyrokinetic equations cannot determine the
intrinsic rotation profile; they also pointed out that the correct equations had not been
derived yet [7, 8, 9, 10]. We explain the problem in more detail in what follows.
Gyrokinetic theory [11] is the appropriate framework to study microturbulence in
fusion plasmas; that is, turbulence on the ion Larmor radius scale, ρ, with characteristic
frequencies of the order of cs/L, where cs is the sound speed and L is the typical
variation length of the magnetic field. The theory is formulated as an asymptotic
expansion in ǫ := ρ/L ≪ 1, in which the gyromotion degree of freedom is eliminated
order by order in ǫ, whereas non-zero Larmor radius effects are retained. The specific
orderings assumed in electrostatic gyrokinetics are explained in Section 2. They lead
to a consistent set of equations, as proven, in particular, by the fact that gyrokinetic
simulations [12, 13, 14, 15, 16] converge as long as the size of the simulation domain
exceeds several gyroradii. Recently, it has explicitly been checked that the fluctuation
spectrum reaches its maximum at wavelengths of the order of ρ [17]. Finally, dedicated
experiments have confirmed that the scaling of the turbulence characteristics with
the gyroradius are reproduced by gyrokinetic theory [18]. An introductory survey of
gyrokinetics can be found in [19].
The so-called low-flow ordering, in which the plasma velocity is assumed to be of
order ǫcs, is probably the relevant one in the core of large and dense tokamaks. The
reason is that sonic speeds are typically reached by neutral beam momentum injection,
and we have already mentioned that its efficiency is reduced in large machines. In the
low-flow regime, and in up-down symmetric tokamaks [20], Parra and Catto proved
that finding the intrinsic rotation profile requires the gyrokinetic equations to O(ǫ2).
Determining the toroidal rotation is equivalent to determining the long-wavelength
radial electric field, and viceversa, because the neoclassical relation between the two
quantities [21] still holds in the presence of microturbulence. Then, the difficulty of
computing the toroidal rotation can be traced back to the intrinsic ambipolarity of the
tokamak; that is, to the fact that to lowest order, and even in the presence of turbulence,
the flux-surface-averaged ion and electron current densities cancel each other for any
value of the long-wavelength radial electric field‡. However, gyrokinetic codes only have
the equations implemented to such lowest order.
‡ The intrinsic ambipolarity of the tokamak is a result of its axisymmetry. Therefore, the problem
disappears for sufficiently rippled tokamaks or stellarators far from quasisymmetry [22, 23, 24, 25].
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As advanced above, Parra and Catto [26] arrived at a formula for the radial flux
of toroidal angular momentum that is written in terms of velocity integrals involving
up to O(ǫ2) pieces of the ion distribution functions and electrostatic potential. Hence,
the Fokker-Planck and quasineutrality equations have to be solved to O(ǫ2) to evaluate
the radial flux of toroidal angular momentum. The set of equations appropriate for the
limit B/Bp ≫ 1 has been given in references [26, 27, 2]. Here, Bp is the magnitude of
the poloidal magnetic field. However, the equations valid for a general tokamak had not
been calculated.
In reference [28], by employing the results of [29], the first step to compute the
toroidal angular momentum flux without using the approximation B/Bp ≫ 1 has been
taken. In order to be more specific about what has been done and what remained to
be done, we recall that in gyrokinetics the fields of the theory, i.e. the distribution
functions and the electrostatic potential, are naturally decomposed as the sum of their
long-wavelength and short-wavelength components. The short-wavelength components
correspond to the turbulence scales and the long-wavelength ones to the macroscopic
scales (see Section 2 for more details on the decomposition). Both components of
the distribution functions to O(ǫ2) enter the momentum transport equations. As for
the electrostatic potential, the turbulent component to O(ǫ2) is needed, but the long-
wavelength component is required only to O(ǫ). In [28], the long-wavelength gyrokinetic
equations up toO(ǫ2) have been derived. In this paper, we compute the short-wavelength
equations and then write explicitly all the equations that, when implemented in a global
δf code, give the toroidal angular momentum flux in any tokamak to the order needed
to calculate intrinsic rotation.
In Section 2, the orderings assumed in low-flow electrostatic gyrokinetics are
explained. Section 3 summarizes the procedure employed by Parra and Catto to
reach their expression for the radial flux of toroidal angular momentum. In Section
4 we show that the evaluation of such an expression requires the long-wavelength and
short-wavelength components of the distribution functions to O(ǫ2), the long-wavelength
component of the electrostatic potential to O(ǫ), and the short-wavelength component of
the electrostatic potential to O(ǫ2). In Section 5 the equations for the short-wavelength
components are provided. In subsection 5.1, we simply recall the well-known equations
for the O(ǫ) turbulent components. In subsections 5.2 and 5.3, the equations for the
O(ǫ2) turbulent components of the distribution functions and electrostatic potential are
derived for the first time. Section 6 contains the results of reference [28] that are needed
to formulate a complete set of equations for toroidal angular momentum transport in
any tokamak. These are the equations for the long-wavelength components of the
distribution functions up to O(ǫ2), the equation for the long-wavelength component
of the electrostatic potential to O(ǫ), the transport equation for the density of each
species, and the transport equation for the total energy. In Section 7 we summarize the
results and list the equations of the main text that should be implemented in a code to
determine the toroidal rotation profile.
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2. Orderings and assumptions
The starting point in the derivation of the electrostatic gyrokinetic equations consists
of the Fokker-Planck equation for each species σ,
∂tfσ + v · ∇rfσ + Zσe
mσ
(
−∇rϕ+ 1
c
v ×B
)
· ∇vfσ =∑
σ′
Cσσ′ [fσ, fσ′ ] + Sσ, (1)
and the quasineutrality equation,∑
σ
Zσe
∫
fσ(r,v, t)d
3v = 0. (2)
The fields of the theory are the phase-space probability distributions fσ(r,v, t) and the
electrostatic potential ϕ(r, t). The magnetic field B(r) = ∇r ×A(r) does not vary in
time, c is the speed of light, e the charge of the proton, and Zσe and mσ are the charge
and the mass of species σ. The Landau collision operator between species σ and σ′ reads
Cσσ′ [fσ, fσ′ ](r,v, t) =
γσσ′
mσ
∇v ·
∫
↔
W (v − v′) ·
(
1
mσ
fσ′(r,v
′, t)∇vfσ(r,v, t)
− 1
mσ′
fσ(r,v, t)∇v′fσ′(r,v′, t)
)
d3v′, (3)
where
γσσ′ := 2πZ
2
σZ
2
σ′e
4 ln Λ, (4)
↔
W(w) :=
|w|2
↔
I −ww
|w|3 , (5)
ln Λ is the Coulomb logarithm, and
↔
I is the identity matrix. Finally, Sσ is a source term
that represents heating and fuelling in the tokamak. Our equation does not explicitly
include the transformer electric field because we assume that the electric field is purely
electrostatic, but the effect of the transformer electric field can be recovered with suitable
choices of Sσ.
Gyrokinetic theory relies on the existence of very different spatial and time
scales when the plasma is strongly magnetized. The small spatial scale is given by
the gyroradius of species σ, ρσ = vtσ/Ωσ, and the large spatial scale is given by
L ∼ |∇rB/B|−1, where B = |B|. Here, vtσ =
√
T0/mσ is the thermal velocity of
species σ, where T0 is a typical value of the temperature, and Ωσ = ZσeB0/(mσc),
the gyrofrequency, is defined in terms of a typical value of the magnetic field, B0.
Strong magnetization implies that ǫσ := ρσ/L≪ 1; that is, the charged particle gyrates
around a magnetic field line separating from it only a small distance of the order of the
gyroradius. There is also a large separation in time scales. The fast time scale is the
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gyrofrequency Ωσ and the slow time scale is vtσ/L (relevant turbulence frequencies satisfy
ω ∼ vtσ/L). In gyrokinetic theory, one eliminates the degree of freedom corresponding to
the gyromotion by averaging out frequencies of the order of Ωσ, while non-zero Larmor
radius effects are kept. Even if we often use ǫσ for convenience, we need a species-
independent expansion parameter. We choose ǫs := ρs/L, where ρs = cs/Ωi is the
sound gyroradius and cs =
√
T0/mi is the sound speed. We assume that the dominant
ion species, denoted by the subindex i, is singly charged; i.e. Zi = 1. Gyrokinetics is
then formulated as an asymptotic expansion in ǫs. Observe that the relation between
ǫσ and ǫs is ǫs = Zστσǫσ, with
τσ =
vtσ
cs
=
√
mi
mσ
. (6)
The presence of disparate time and space scales makes it useful to write the fields
of the theory as the sum of two components, one associated to the microturbulence
scales (the short-wavelength component) and the other to the macroscopic scale (the
long-wavelength component). To properly define these components, we need a set of
flux coordinates {ψ,Θ, ζ}, where ψ is the poloidal magnetic flux, Θ is the poloidal angle,
and ζ is the toroidal angle. The magnetic field of the tokamak is written as
B = I(ψ)∇rζ +∇rζ ×∇rψ. (7)
The coordinate ζ is chosen to be the standard toroidal angle in the cylindrical
coordinates whose axis is the tokamak symmetry axis. In particular, |∇rζ | = R−1,
where R is the distance to the symmetry axis.
The axisymmetric long-wavelength component of a function g(ψ,Θ, ζ) is defined by
glw =
1
2π∆t∆ψ∆Θ
∫
∆t
dt
∫
∆ψ
dψ
∫
∆Θ
dΘ
∫ 2π
0
dζ g, (8)
where ǫs ≪ ∆ψ/ψ ≪ 1, ǫs ≪ ∆Θ≪ 1, and L/cs ≪ ∆t≪ τE . Here,
τE :=
L
ǫ2scs
(9)
is the transport time scale (i.e. the time scale of variation of the profiles) and L/cs is
the time scale of the turbulence. Then, the short-wavelength component is defined as
gsw := g − glw. (10)
For any two functions g(r, t) and h(r, t) we have[
glw
]lw
= glw,
[gsw]lw = 0,
[gh]lw = glwhlw + [gswhsw]lw . (11)
The decomposition into a short-wavelength and a long-wavelength component is not
unambiguously defined because the integration limits of (8) are not specified. For the
most part, this ambiguity is not a problem because the long- and short-wavelength pieces
can be thought of as defined by the equations they satisfy. However, to implement some
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of the equations in this article, one needs to choose a time interval and a space volume
over which the average [. . .]lw is taken. For example, in equations (101), (110), (116) and
(121), we need to take the average [. . .]lw over nonlinear terms that contain products of
two short wavelength pieces. Fortunately, the exact time interval and space volume over
which the average [. . .]lw is taken is irrelevant if the parameter ǫ is sufficiently small.
This result can be deduced from the formal equivalence between the local and global
approaches to gyrokinetics established in reference [30].
The distribution function and electrostatic potential are written using this
decomposition,
fσ = f
lw
σ + f
sw
σ ,
ϕ = ϕlw + ϕsw. (12)
The separation of time and space scales suggests the following assumptions on the
distribution functions and electrostatic potential. First, we assume that the relative
sizes of the short and long-wavelength components are
v3tσf
sw
σ
ne0
∼ Zσeϕ
sw
mσv2tσ
∼ ǫs,
v3tσf
lw
σ
ne0
∼ Zσeϕ
lw
mσv2tσ
∼ 1, (13)
where ne0 is a characteristic value of the electron density. We also need an ordering
scheme for the space and time derivatives. The natural assumptions are, for the long-
wavelength components,
∇r ln f lwσ , ∇r lnϕlw ∼ 1/L,
∂t ln f
lw
σ , ∂t lnϕ
lw ∼ ǫ2scs/L, (14)
and for the short-wavelength ones,
bˆ · ∇r ln f swσ , bˆ · ∇r lnϕsw ∼ 1/L,
∇r⊥ ln f swσ , ∇r⊥ lnϕsw ∼ 1/ρs,
∂t ln f
sw
σ , ∂t lnϕ
sw ∼ cs/L. (15)
Here, ⊥ stands for perpendicular to B and bˆ := B−1B is the unit vector in the direction
of B. Note the different sizes of the perpendicular and the parallel gradients of f swσ and
ϕsw. It is important to mention that the spatial dependence of f swσ and ϕ
sw has two
different characteristic scales in the direction perpendicular to the magnetic field: the
short length scale of the turbulent fluctuations, and the long length scale associated to
the slow change of the turbulent average characteristics over the radius of the tokamak.
These two different scales can be treated explicitly in the gyrokinetic equations [2, 30],
but in this article we choose not to do it because we are deriving a global δf gyrokinetic
formulation.
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Finally, we assume that the source term in equation (1) only consists of the long-
wavelength component, Sσ = S
lw
σ , and that it varies in the transport time scale τE . For
consistency with the transport time scale τE , we assume
Sσ ∼ ǫ2s
ne0cs
Lv3tσ
. (16)
With the ordering detailed in this section, the gyromotion degree of freedom can
be averaged out order by order in ǫs, and a consistent set of non-linear equations for
plasma microturbulence is obtained [12, 13, 14, 15, 16].
3. Radial flux of toroidal angular momentum
In this section we proceed as in references [26, 2] to obtain a convenient expression
for the radial flux of toroidal angular momentum. In [26] a mass ratio expansion in√
me/mi ≪ 1 was performed in order to simplify the presentation, that consequently
only needed to treat kinetically the ions (note that in [27, 2] the final equations for both
kinetic ions and kinetic electrons are given). Here, we will not perform a mass ratio
expansion.
We multiply the Fokker-Planck equation (1) bymσv and integrate in velocity space,
obtaining
∂t(mσNσVσ) = −∇r·
↔
Pσ −ZσeNσ∇rϕ+ Zσe
c
NσVσ ×B
+
∫
mσv
∑
σ′
Cσσ′ [fσ, fσ′ ]d
3v +
∫
mσvSσd
3v. (17)
The density, velocity and stress tensor of species σ are defined by
Nσ(r, t) :=
∫
fσ(r,v, t)d
3v, (18)
Vσ(r, t) :=
1
Nσ
∫
vfσ(r,v, t)d
3v, (19)
↔
Pσ (r, t) :=
∫
mσvvfσ(r,v, t)d
3v. (20)
Summing (17) over species,
∂t
∑
σ
mσNσVσ = −∇r ·
∑
σ
↔
Pσ +
1
c
J×B+
∑
σ
∫
mσvSσd
3v, (21)
where
J(r, t) :=
∑
σ
ZσeNσVσ (22)
is the electric current density. To write (21) we have employed the momentum
conservation property of the collision operator and the quasineutrality equation (2),
that can be expressed as
∑
σ ZσeNσ = 0.
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We define the flux-surface average of a function G(ψ,Θ, ζ) by
〈G〉ψ :=
∫ 2π
0
∫ 2π
0
√
g G(ψ,Θ, ζ)dΘdζ∫ 2π
0
∫ 2π
0
√
g dΘdζ
, (23)
with
√
g :=
1
∇rψ · (∇rΘ×∇rζ) (24)
the square root of the determinant of the metric tensor in coordinates {ψ,Θ, ζ}. It will
also be useful to define the volume enclosed by the flux surface labeled by ψ,
V (ψ) =
∫ ψ
0
dψ′
∫ 2π
0
dΘ
∫ 2π
0
dζ
√
g(ψ′,Θ) . (25)
In order to find the equation for toroidal angular momentum transport we take the
scalar product of (21) with Rζˆ = R2∇rζ and flux-surface average. We get
∂t
〈∑
σ
mσNσRζˆ ·Vσ
〉
ψ
= − 1
V ′
∂ψ(V
′Π) + Tζ , (26)
where the prime stands for differentiation with respect to ψ, the external torque is
Tζ :=
〈∑
σ
R
∫
mσv · ζˆSσd3v
〉
ψ
, (27)
and the radial flux of toroidal angular momentum is defined by
Π :=
∑
σ
Πσ, (28)
with
Πσ :=
〈
Rζˆ·
↔
Pσ ·∇rψ
〉
ψ
. (29)
We have used that ∇r(Rζˆ) is antisymmetric and that
〈
Rζˆ · (J×B)
〉
ψ
= 〈J · ∇rψ〉ψ.
The latter has to be zero, as can be proven by noting that ∇r · J = 0, and that J · ∇rψ
must vanish at ψ = 0.
In the low flow ordering, the magnitude of the ion flow is Vi ∼ ǫscs. Recalling the
definition of the transport time scale given in Section 2, τE = ǫ
−2
s L/cs, we can estimate
the size of the first term in (26). Namely,
∂t
〈∑
σ
mσNσRζˆ ·Vσ
〉
ψ
∼ ǫ3s
Rne0T0
L
. (30)
If the three terms in equation (26) are to be comparable, we deduce
Π ∼ ǫ3sne0T0RB0L (31)
and
Tζ ∼ ǫ3s
Rne0T0
L
. (32)
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Observe that we are assuming that the momentum injection is smaller in ǫs than,
for example, the particle input (see (16)). If Tζ were much larger than the estimate
(32), it would dominate the toroidal rotation. Then, Vi would approach sonic values
and the plasma would enter the so-called high-flow regime. As pointed out in the
Introduction, it is unlikely that momentum input larger than the estimate (32) be
available in the core of large tokamaks, and therefore the only possible rotation will be
of intrinsic nature. However, this is precisely the difficult case from the theoretical and
computational perspective: in the low-flow regime, one needs to calculate Π to O(ǫ3s).
In references [26, 2], a procedure was devised to write Π in such a way that ‘only’
O(ǫ2s) pieces of the distribution functions and electrostatic potential are needed to
evaluate it. We start by multiplying (1) by mσvv and integrating over velocities,
Ωσ
(↔
Pσ ×bˆ− bˆ×
↔
Pσ
)
=
∂t
↔
Pσ +∇r ·
(
mσ
∫
vvvfσd
3v
)
+ZσeNσ (∇rϕVσ +Vσ∇rϕ)
−
∫
mσvv
∑
σ′
Cσσ′ [fσ, fσ′ ]d
3v
−
∫
mσvvSσd
3v. (33)
We are only interested in the long-wavelength component of this equation. We
find the expression for Πlwσ by taking the double-dot product of (33) with R
2ζˆζˆ/2,
flux-surface averaging, and extracting the long-wavelength component,
Πlwσ =
mσc
2Zσe
∂t
〈
R2ζˆ·
↔
P
lw
σ ·ζˆ
〉
ψ
+
m2σc
2Zσe
1
V ′
∂ψ
〈
V ′
∫
f lwσ (v · ∇rψ)R2(v · ζˆ)2d3v
〉
ψ
+
〈
c∂ζϕRNσmσ(Vσ · ζˆ)
〉lw
ψ
− m
2
σc
2Zσe
〈∫ ∑
σ′
C lwσσ′R
2(v · ζˆ)2d3v
〉
ψ
− m
2
σc
2Zσe
〈∫
SσR
2(v · ζˆ)2d3v
〉
ψ
. (34)
In references [26, 2] it is shown that, up to terms that are small by a factor of ǫs,
the right-hand side of (34) can be rewritten as
Πlwσ =
〈
c∂ζϕRNσmσ(Vσ · ζˆ)
〉lw
ψ
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+
mσc
2
2Zσe
1
V ′
∂ψ
〈
V ′∂ζϕR
2(ζˆ·
↔
Pσ ·ζˆ)
〉lw
ψ
+
mσc
2Zσe
〈R2〉ψ∂tpσ
− m
2
σc
2Zσe
〈∫ ∑
σ′
C lwσσ′R
2(v · ζˆ)2d3v
〉
ψ
− m
3
σc
2
6Z2σe
2
1
V ′
∂ψ
〈
V ′
∫ ∑
σ′
C lwσσ′R
3(v · ζˆ)3d3v
〉
ψ
− m
2
σc
2Zσe
〈∫
SσR
2(v · ζˆ)2d3v
〉
ψ
, (35)
where pσ= nσT is the pressure of species σ, given by the O(ne0T0) term of the right side
of (20). In Section 4 we explicitly show that the right-hand side of (35) can be recast in
terms of the fields of the theory to O(ǫ2s) by rewriting it in such a way that the solutions
of the gyrokinetic equations (derived in Sections 5 and 6) can be directly plugged into
it.
4. Gyrokinetic expansion
The objective is to write the right side of (35) in terms of the pieces of the distribution
functions and electrostatic potential that are obtained by solving the gyrokinetic
equations. This is done in subsection 4.3. Before doing this, in subsections 4.1 and
4.2 we briefly recall how the gyrokinetic expansion is defined and give the results of
references [28] and [29] that are needed in this article.
4.1. Dimensionless variables
The gyrokinetic expansion is more clearly understood by writing the equations in
dimensionless variables. For time, space, magnetic field, electrostatic potential, particle
density and temperature, we employ
t =
cst
L
, r =
r
L
, B =
B
B0
,
ϕ =
eϕ
ǫsT0
, nσ =
nσ
ne0
, Tσ =
Tσ
T0
. (36)
For velocities, distribution functions and sources, we use
vσ =
vσ
vtσ
, fσ =
v3tσ
ne0
fσ, Sσ =
L
ǫ2scs
v3tσ
ne0
Sσ. (37)
In dimensionless variables, the Fokker-Planck equation (1) becomes
∂t fσ + τσv · ∇r fσ + τσ
(
−Zσǫs∇rϕ + 1
ǫσ
v ×B
)
· ∇v fσ
= τσ
∑
σ′
Cσσ′ [fσ, fσ′ ](r,v) + ǫ
2
sSσ. (38)
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The normalized collision operator reads, explicitly,
Cσσ′ [fσ, fσ′ ](r,v) =
γσσ′∇v ·
∫
↔
W (τσv − τσ′v′) ·
(
τσfσ′(r,v
′, t)∇v fσ(r,v, t)
−τσ′fσ(r,v, t)∇v′ fσ′(r,v′, t)
)
d3v′.
(39)
Here,
γσσ′ :=
2πZ2σZ
2
σ′ne0e
4L
T0
2 ln Λ. (40)
is the collisionality (up to a factor of order unity with respect standard definitions). In
this paper we assume γσσ′ ∼ 1.
The quasineutrality equation (2) is recast as∑
σ
Zσ
∫
fσ(r,v, t)d
3v = 0. (41)
It is useful to list the ordering assumptions (13), (14) and (15) in terms of
dimensionless variables. The short-wavelength components of the electrostatic potential
and the distribution functions satisfy
ϕsw(r, t) ∼ 1,
f swσ (r,v, t) ∼ ǫs,
bˆ(r) · ∇r ϕsw(r, t) ∼ 1,
bˆ(r) · ∇r f swσ (r,v, t) ∼ ǫs,
∂tϕ
sw(r, t) ∼ 1,
∂tf
sw
σ (r,v, t) ∼ ǫs. (42)
The ordering for the long-wavelength components is
ϕlw(r, t) ∼ 1/ǫs,
f lwσ (r,v, t) ∼ 1,
∇r ϕlw(r, t) ∼ 1/ǫs,
∇r f lwσ (r, t) ∼ 1,
∂tϕ
lw(r, t) ∼ ǫs,
∂tf
lw
σ (r,v, t) ∼ ǫ2s. (43)
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Observe that the normalization of ϕ has an extra ǫ−1s that makes ϕ
lw ∼ ǫ−1s and ϕsw ∼ 1,
whereas f lwσ ∼ 1 and f swσ ∼ ǫs. For the expansions ǫs ≪ 1 of both components of the
normalized electrostatic potential, we write
ϕlw(r, t) :=
1
ǫs
ϕ0(r, t) + ϕ1
lw(r, t) + ǫsϕ2
lw(r, t) +O(ǫ2s) (44)
and
ϕsw(r, t) := ϕ1
sw(r, t) + ǫsϕ2
sw(r, t) +O(ǫ2s). (45)
We do not underline variables from here on, but we assume that we are employing
the non-dimensional ones.
4.2. Gyrokinetic coordinate transformation
The aim of gyrokinetic theory is to average equations (38) and (41) over time scales
of the order of the ion gyrofrequency, assuming that the orderings of Section 2 hold.
The typical approaches to the problem try to find a coordinate transformation in phase
space such that in the new coordinates, called gyrokinetic coordinates, the fast degree of
freedom is decoupled. Iterative methods work directly on the equations of motion [32, 33,
34, 35, 7], whereas Hamiltonian and Lagrangian methods employ techniques of analytical
mechanics to obtain the coordinate transformation [36, 37, 38, 29].
It has been proven in [26] that the intrinsic ambipolarity of the tokamak implies that
the gyrokinetic equations have to be computed to O(ǫ2s) if one wants to find the long-
wavelength radial electric field. The same accuracy is needed to compute the intrinsic
rotation profile in the low-flow ordering. The calculation of the gyrokinetic system
of equations to second order is given in reference [29], in the phase-space Lagrangian
formalism, for general magnetic geometry. The correctness of the approach and the
results in [29] has recently been confirmed by independent calculations of the most
involved piece of the Lagrangian [39, 40]. In simplified geometries, the results of [29]
reduce to those of seminal references like [36].
However, reaching expressions sufficiently explicit to be implemented in a code still
requires some work. In reference [28] this was done for tokamak geometry but only for
the equations that give the long-wavelength components of the fields. Here, we introduce
some notation and refresh some results from [28] and [29] that will be needed in the
following sections, where the equations determining the short-wavelength components
of the distribution functions and electrostatic potential are derived.
We denote by (R, u, µ, θ) the gyrokinetic coordinates, where R is the position
of the gyrocenter, u is the parallel velocity, µ is the magnetic moment and θ is the
gyrophase. The euclidean phase-space coordinates are denoted by X ≡ {r,v} and the
transformation between both sets of coordinates by Tσ,
(r,v) = Tσ(R, u, µ, θ, t). (46)
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In practice, the transformation is computed as a power series in ǫσ, where the lowest
order terms of T −1σ are given by
R = r− ǫσ 1
B(r)
bˆ(r)× v +O(ǫ2σ),
u = v · bˆ(r) +O(ǫσ),
µ =
1
2B(r)
(
v − v · bˆ(r)bˆ(r)
)2
+O(ǫσ),
θ = arctan
(
v · eˆ2(r)
v · eˆ1(r)
)
+O(ǫσ). (47)
Here, the unit vectors eˆ1(r) and eˆ2(r) are orthogonal to each other and to bˆ(r), and
satisfy eˆ1(r)× eˆ2(r) = bˆ(r) at every location r.
It will be useful to write some expressions in terms of T ∗σ , the pull-back
transformation induced by Tσ. Given a function g(X, t), T ∗σ g(Z, t) is
T ∗σ g(Z, t) = g(Tσ(Z, t), t). (48)
For the expansion of the transformation in powers of ǫσ we employ the notation
Tσ = Tσ,0 + ǫσTσ,1 + ǫ2σTσ,2 +O(ǫ3σ),
T −1σ = T −1σ,0 + ǫσT −1σ,1 + ǫ2σT −1σ,2 +O(ǫ3σ). (49)
We will make an extensive use of the zeroth-order transformation. The expression for
(R, u, µ, θ) = T −1σ,0 (r,v) is
R = r,
u = v · bˆ(r),
µ =
1
2B(r)
(
v − v · bˆ(r)bˆ(r)
)2
,
θ = arctan
(
v · eˆ2(r)
v · eˆ1(r)
)
. (50)
Higher-order terms of the change of coordinates will be computed or taken from [28]
when needed. Given a function G(R, u, µ, θ), the following obvious identity will also be
useful, ∫
T −1∗σ,0 G(r,v)d3v =
∫
B(r)G(r, u, µ, θ)dudµdθ, (51)
where we have used that the Jacobian of Tσ,0 is B(r).
Applying the gyrokinetic transformation to the the Fokker-Planck equation (38),
we get
∂tFσ + τσR˙ · ∇RFσ + τσu˙∂uFσ + τσθ˙∂θFσ
= τσ
∑
σ′
T ∗σ Cσσ′ [T −1∗σ Fσ, T −1∗σ′ Fσ′ ](Z, t) + ǫ2sT ∗σ Sσ, (52)
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where Fσ := T ∗σ fσ, T −1∗σ is the pull-back transformation that corresponds to T −1σ , i.e.
T −1∗σ Fσ(X, t) = Fσ(T −1σ (X, t), t), and the particle equations of motion, R˙, u˙, and θ˙
(note that µ˙ = 0) are given in Appendix A to the necessary order.
Since it will be also useful in this paper, we recall that in [29] the gyrokinetic
transformation Tσ is written as the composition of two transformations, Tσ =
TNP,σTP,σ. First, we have the non-perturbative transformation (r,v) = TNP,σ(Zg) ≡
TNP,σ(Rg, v||g, µg, θg), defined by
r = Rg + ǫσρ(Rg, µg, θg),
v = v||gbˆ(Rg) + ρ(Rg, µg, θg)×B(Rg), (53)
with the gyroradius vector defined as
ρ(Rg, µg, θg) = −
√
2µg
B(Rg)
[sin θgeˆ1(Rg)− cos θgeˆ2(Rg)] . (54)
Second, the perturbative transformation
(Rg, v||g, µg, θg) = TP,σ(R, u, µ, θ, t), (55)
that is written as a power series in ǫσ,
Rg = R+ ǫ
2
σRσ,2 +O(ǫ
3
σ),
v||g = u+ ǫσuσ,1,+O(ǫ
2
σ),
µg = µ+ ǫσµσ,1 +O(ǫ
2
σ),
θg = θ + ǫσθσ,1 +O(ǫ
2
σ). (56)
The corrections Rσ,2, uσ,1, µσ,1 and θσ,1 are given in Appendix B.
In gyrokinetic variables the quasineutrality equation (41) reads∑
σ
Zσ
∫
| det (Jσ) |Fσδ
(
πr
(
Tσ(Z, t)
)
− r
)
d6Z = 0, (57)
where πr(r,v) := r, and the Jacobian of Tσ to O(ǫ2σ) is
| det(Jσ)| = B∗||,σ, (58)
with B∗||,σ defined in (A.7).
Finally, we recall that the gyrokinetic equations are written naturally in terms of a
function φσ defined as
φσ(R, µ, θ, t) := ϕ(R+ ǫσρ(R, µ, θ), t). (59)
It is useful to introduce its gyrophase-independent piece 〈φσ〉 and its gyrophase-
dependent one φ˜σ,
φ˜σ(R, µ, θ, t) := φσ(R, µ, θ, t)− 〈φσ〉(R, µ, t). (60)
The gyroaverage of a function G(R, u, µ, θ, t) is defined by
〈G〉(R, u, µ, t) := 1
2π
∫ 2π
0
G(R, u, µ, θ, t)dθ. (61)
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The ordering assumptions on ϕ, equations (42), imply that
〈φswσ 〉 = 〈φswσ1〉+ ǫs〈φswσ2〉+O(ǫ2s),
φ˜swσ = φ˜
sw
σ1 + ǫsφ˜
sw
σ2 +O(ǫ
2
s). (62)
A Taylor expansion of φlwσ around r = R is allowed. Employing the convention
uv :
↔
M= v·
↔
M ·u for an arbitrary matrix
↔
M and vectors u and v, we write
〈φlwσ 〉(R, µ, t) =
1
ǫs
ϕ0(R, t) + ϕ
lw
1 (R, t)
+ǫs
(
µ
2Z2στ
2
σB(R)
(
↔
I −bˆ(R)bˆ(R)) : ∇R∇Rϕ0(R, t)
+ϕlw2 (R, t)
)
+O(ǫ2s) (63)
and
φ˜lwσ (R, µ, θ, t) =
1
Zστσ
ρ(R, µ, θ) · ∇Rϕ0(R, t) +O(ǫs), (64)
giving φ˜lwσ = O(1).
4.3. Gyrokinetic expansion of the radial flux of toroidal angular momentum
We start by writing the right-hand side of equation (35) in terms of dimensionless
variables. We use the normalizations
Π = ne0T0B0L
2Π
Πσ = ne0T0B0L
2Πσ
NσVσ = ǫsne0csNσVσ
↔
Pσ= ne0T0
↔
Pσ. (65)
Thus, in dimensionless variables (we do not underline them anymore),
NσVσ(r, t) :=
τσ
ǫs
∫
vfσ(r,v, t)d
3v (66)
and
↔
Pσ (r, t) :=
∫
vvfσ(r,v, t)d
3v. (67)
Also, we use the conventions
NσVσ = (NσVσ)1 + ǫσ(NσVσ)2 +O(ǫ
2
σ) (68)
and
↔
Pσ =
↔
Pσ0 +ǫσ
↔
Pσ1 +ǫ
2
σ
↔
Pσ2 +O(ǫ
3
σ). (69)
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In these variables, equation (35) reads
Πlwσ =
ǫ2s
τ 2σ
〈
∂ζ/ǫsϕRNσ(Vσ · ζˆ)
〉lw
ψ
+
ǫ2s
2Zστ 2σ
1
V ′
∂ψ
〈
V ′∂ζ/ǫsϕR
2(ζˆ·
↔
Pσ ·ζˆ)
〉lw
ψ
+
ǫ3s
2Zστ 2σ
〈R2〉ψ∂ǫ2
s
tpσ − ǫs
2Zστσ
〈∫ ∑
σ′
C lwσσ′R
2(v · ζˆ)2d3v
〉
ψ
− ǫ
2
s
6Z2στ
2
σ
1
V ′
∂ψ
〈
V ′
∫ ∑
σ′
C lwσσ′R
3(v · ζˆ)3d3v
〉
ψ
− ǫ
3
s
2Zστ 2σ
〈∫
SσR
2(v · ζˆ)2d3v
〉
ψ
, (70)
where we have omitted the arguments of the collision operators to ease the notation
slightly.
We turn to write the right-hand side of (70) in terms of the solutions obtained from
the gyrokinetic Fokker-Planck and quasineutrality equations that are given in Sections
5.1, 5.2, 5.3 and 6. From the Fokker-Planck equation one obtains, order by order, Fσ0,
Fσ1 and Fσ2, where our convention is
Fσ(R, u, µ, θ) = Fσ0(R, u, µ) + ǫσFσ1(R, u, µ)
+ǫ2σFσ2(R, u, µ, θ) +O(ǫ
3
σ). (71)
In reference [28], it is shown that Fσ1 does not depend on the gyrophase and that Fσ0
is a Maxwellian with zero flow, whose density and temperature are flux functions,
Fσ0 =
nσ(ψ, t)
(2πT (ψ, t))3/2
exp
(
−u
2/2 + µB
T (ψ, t)
)
. (72)
Note the different notation employed for the density of the Maxwellian, nσ, and for the
total density, Nσ, in (18). The temperatures of all species are equal because due to our
ordering, τE is much larger than the collision time of all species, including electrons.
In particular, we are not expanding in
√
me/mi≪ 1. To see the effect that such an
expansion would have on the result, we consider the equations in [2], valid only for
Bp/B ≪ 1. By exploiting that
√
me/mi ≪ 1, reference [2] finds momentum transport
driven by the temperature difference between electrons and ions, Te−Ti. Our equations
will have this effect, although only in the limit |Te − Ti| ≪ Te ≃ Ti. The temperature
difference Te − Ti is contained in the piece Fσ2.
The notation for the expansion of the electrostatic potential has been given in (44),
(45), (62), (63) and (64). As for the expansion of the collision operator, we define each
coefficient by
Cσσ′ = ǫσC
(1)
σσ′ + ǫ
2
σC
(2)
σσ′ +O(ǫ
3
σ). (73)
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Here, we have taken into account that the O(ǫ0σ) term equals zero because the collision
operator vanishes when acting on Maxwellians with the same temperatures.
Observe that Fσ(R, u, µ, θ) is obtained from the gyrokinetic Fokker-Planck
equation, and is therefore expressed naturally in gyrokinetic coordinates, but the
collision operator and other functions entering the integrals in (70) are written in
coordinates (r,v). The simplest way to express (70) is given by transforming the
relevant pieces of Fσ(R, u, µ, θ) to coordinates (r,v). In 4.3.1 we write the necessary
transformations. We employ the notation of subsection 4.2. In 4.3.2, we manipulate the
terms of (70) containing collision operators. In 4.3.3, we give the final expression for
the radial flux of toroidal angular momentum.
4.3.1. Some pieces of the transformation of Fσ to euclidean coordinates. We need the
long-wavelength component of the transformation of the Maxwellian to first and second
order. To O(ǫσ) the calculation is given in Appendix C and the result is[T −1∗σ,1 Fσ0]lw = T −1∗σ,0 Fσ0 + ǫσT
[
v ·Vpσ +
(
v2
2Tσ
− 5
2
)
v ·VT
+
Zσ
B
v · (bˆ×∇rϕ0)
]
T −1∗σ,0 Fσ0, (74)
where
Vpσ :=
1
nσB
bˆ×∇rpσ, VT := 1
B
bˆ×∇rT, (75)
To O(ǫ2σ), the transformation is much more complicated. It was computed in [28],[T −1∗σ,2 Fσ0]lw = 12B2 (v × bˆ)(v × bˆ) :
[
∇r∇r lnnσ + Zσ
T
∇r∇rϕ0
−Zσ
T 2
(∇rϕ0∇rT +∇rT∇rϕ0) +
(
v2
2T
− 3
2
)
∇r∇r lnT
− v
2
2T 3
∇rT∇rT
]
T −1∗σ,0 Fσ0 +
1
2B2
[
(v× bˆ) ·
(∇rnσ
nσ
+
Zσ∇rϕ0
T
+
(
v2
2T
− 3
2
) ∇rT
T
)]2
T −1∗σ,0 Fσ0
+Rlw02 ·
(∇rnσ
nσ
+
Zσ∇rϕ0
T
+
(
v2
2T
− 3
2
) ∇rT
T
)
T −1∗σ,0 Fσ0
+
Z4στ
2
σ
2T 2
T −1∗σ,0
[
(φ˜swσ1)
2
]lw
T −1∗σ,0 Fσ0 +
1
T
[
Z2στσ
B
(v × bˆ) · ∇rϕlw1
+Z4στ
2
σT −1∗σ,0 Ψlwφ,σ + Z2στσT −1∗σ,0 ΨlwφB,σ
+T −1∗σ,0 ΨB,σ +
Zσv
2
⊥
4B2
(
↔
I −bˆbˆ) : ∇r∇rϕ0
+
Z4στ
2
σ
B
T −1∗σ,0
[
φ˜swσ1∂µ〈φswσ1〉
]lw ]
T −1∗σ,0 Fσ0. (76)
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Here,
Rlw02 =
1
B
[(
v||bˆ+
1
4
v⊥
)
v × bˆ
+v × bˆ
(
v||bˆ+
1
4
v⊥
)]
·
×∇r
(
bˆ
B
)
+
v||
B2
v⊥ · ∇rbˆ+
v||
B2
bˆbˆ · ∇rbˆ · v⊥
+
bˆ
8B2
[v⊥v⊥ − (v⊥ × bˆ)(v⊥ × bˆ)] : ∇rbˆ
+
v2⊥
2B3
bˆbˆ · ∇rB − v
2
⊥
4B3
∇r⊥B, (77)
where we have used the convention ab ·×
↔
M= a× (b·
↔
M),
ΨlwφB,σ = −
3µ
2ZστσB2
∇RB · ∇Rϕ0 − u
2
ZστσB2
(bˆ · ∇Rbˆ) · ∇Rϕ0, (78)
Ψlwφ,σ = −
1
2Z2στ
2
σB
2
|∇Rϕ0|2 − 1
2B
∂µ
[
〈(φ˜swσ1)2〉
]lw
, (79)
and ΨB,σ is given in (A.10).
We also need the long-wavelength component of the action of T −1∗σ,1 on F lwσ1 and F swσ1 .
Employing repeatedly the results of Appendix C, it is straightforward to find that
[T −1∗σ,1 F lwσ1 ]lw = −T −1∗σ,0
{
ρ · ∇R
+
(
ubˆ · ∇Rbˆ · ρ+ B
4
[ρ(ρ× bˆ) + (ρ× bˆ)ρ] : ∇Rbˆ
−µbˆ · ∇R × bˆ
)
∂u +
(
− µ
B
ρ · ∇RB
−u
4
[ρ(ρ× bˆ) + (ρ× bˆ)ρ] : ∇Rbˆ+ uµ
B
bˆ · ∇R × bˆ
−u
2
B
bˆ · ∇Rbˆ · ρ− Zσ
B
ρ · ∇Rϕ0
)
∂µ
}
F lwσ1 (80)
and
[T −1∗σ,1 F swσ1 ]lw = −T −1∗σ,0
[(
Z2στσ
B2
(∇R⊥/ǫσΦ˜swσ1 × bˆ) · ∇R⊥/ǫσ
−Z
2
στσφ˜
sw
σ1
B
∂µ
)
F swσ1
]lw
. (81)
The short-wavelength components of the action of T −1∗σ on Fσ to first and second
order, denoted respectively by (T −1∗σ Fσ)sw1 and (T −1∗σ Fσ)sw2 , are also needed. We
introduce an operator Tσ,0, whose action on a phase-space function G(R, u, µ, θ) is given
by
Tσ,0G(r,v) := G
(
r− ǫσ
B(r)
bˆ(r)× v,v · bˆ(r), v
2
⊥
2B(r)
, arctan
(
v · eˆ2(r)
v · eˆ1(r)
))
. (82)
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This operator is useful to write some expressions involving the short-wavelength pieces
of the distribution functions and the potential, for which it is not possible to Taylor
expand the dependence on r − ǫσB(r)−1bˆ(r) × v around r. Usually, G in (82) also
depends slowly on R due to the quantities related to the magnetic field such as B(R)
or bˆ(R). In Tσ,0G(r,v) this dependence is Taylor expanded around r.
With the help of (82) and Appendix C we obtain
(T −1∗σ Fσ)sw1 = Tσ,0F swσ1 −
Z2στσ
T
Tσ,0φ˜
sw
σ1T −1∗σ,0 Fσ0. (83)
Finally, we have to compute (T −1∗σ Fσ)sw2 . For this, we need again the expressions
in Appendix C and the calculation of the short-wavelength transformation of the
Maxwellian to second order, explained in Appendix D. The result is
(T −1∗σ Fσ)sw2 = Tσ,0F swσ2
+
[(
R02 · Tσ,0∇R/ǫσ − (T −1∗σ,0 µˆlwσ,1 + Tσ,0µˆswσ,1)Tσ,0∂µ
−T −1∗σ,0 uˆlwσ,1Tσ,0∂u − (T −1∗σ,0 θˆlwσ,1 + Tσ,0θˆswσ,1)Tσ,0∂θ
)
F swσ1
]sw
−Tσ,0µˆswσ,1T −1∗σ,0 ∂µF lwσ1 +
[H201]
sw
2T 2
T −1∗σ,0 Fσ0 −
Hsw02
T
T −1∗σ,0 Fσ0
−H
sw
01
TB
(v × bˆ) ·
(∇rnσ
nσ
+
(
v2
2T
− 5
2
) ∇rT
T
)
T −1∗σ,0 Fσ0
+Rsw02 ·
(∇rnσ
nσ
+
(
v2
2T
− 3
2
) ∇rT
T
)
T −1∗σ,0 Fσ0, (84)
The corrections Rlw02, R
sw
02 , H
lw
01 , H
sw
01 and H
sw
02 are provided in (77), (D.5), (D.6), (D.7)
and (D.9). Using the expressions for uˆσ,1, µˆσ,1 and θˆσ,1 in (C.5), it is easy to obtain
T −1∗σ,0 uˆlwσ,1 = −
u
B
bˆ · ∇rbˆ · v× bˆ− 1
4B
[(v⊥ × bˆ)v⊥ + v⊥(v⊥ × bˆ)] : ∇rbˆ
− µbˆ · ∇r × bˆ, (85)
T −1∗σ,0 µˆlwσ,1 =
µ
B2
(v × bˆ) · ∇rB + u
4B2
(
(v⊥ × bˆ)v⊥ + v⊥(v⊥ × bˆ)
)
: ∇rbˆ
+
uµ
B
bˆ · ∇r × bˆ+ u
2
B2
bˆ · ∇rbˆ · (v × bˆ) + Zσ
B2
(v × bˆ) · ∇rϕ0, (86)
T −1∗σ,0 θˆlwσ,1 =
1
B
v⊥ ·
(
∇r lnB + u
2
2µB
bˆ · ∇rbˆ
− bˆ×∇reˆ2 · eˆ1
)
− u
8µB2
(
(v⊥ × bˆ)(v⊥ × bˆ)− v⊥v⊥
)
: ∇rbˆ
+
u
2B2
bˆ · ∇rB + Zσ
2µB2
v⊥ · ∇rϕ0, (87)
Tσ,0µˆ
sw
σ,1(r, t) = −
Z2στσ
B(r)
Tσ,0φ˜
sw
σ1(r, t) (88)
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and
Tσ,0θˆ
sw
σ,1(r, t) =
Z2στσ
B(r)
Tσ,0∂µΦ˜
sw
σ1(r, t). (89)
4.3.2. Manipulations of terms in (70) that contain collision operators. We are ready
to go back to (70) and write more explicitly the terms on the right side. The term before
last in (70) is
− ǫ
2
s
6Z2στ
2
σ
1
V ′
∂ψ
〈
V ′
∫ ∑
σ′
C lwσσ′R
3(v · ζˆ)3d3v
〉
ψ
=
− ǫ
3
s
6Z3στ
3
σ
1
V ′
∂ψ
〈
V ′
∫ ∑
σ′
C
(1)lw
σσ′ R
3(v · ζˆ)3d3v
〉
ψ
, (90)
where
C
(1)lw
σσ′ = Cσσ′
[
1
T
(
v ·Vpσ +
(
v2
2T
− 5
2
)
v ·VTσ
)
T −1∗σ,0 Fσ0
+T −1∗σ,0 F lwσ1 , T −1∗σ′,0 Fσ′0
]
+
Zστσ
Zσ′τσ′
Cσσ′
[
T −1∗σ,0 Fσ0,
1
T
(
v ·Vpσ′
+
(
v2
2T
− 5
2
)
v ·VTσ′
)
T −1∗σ′,0 Fσ′0 + T −1∗σ′,0 F lwσ′1
]
. (91)
Here, we have used (74) and the Galilean invariance of the collision operator to drop
the term containing ϕ0 in (74).
The fourth term on the right side of (70) has two contributions of different orders,
− ǫs
2Zστσ
〈∫ ∑
σ′
C lwσσ′R
2(v · ζˆ)2d3v
〉
ψ
=
− ǫ
2
s
2Z2στ
2
σ
〈∫ ∑
σ′
C
(1)lw
σσ′ R
2(v · ζˆ)2d3v
〉
ψ
− ǫ
3
s
2Z3στ
3
σ
〈∫ ∑
σ′
C
(2)lw
σσ′ R
2(v · ζˆ)2d3v
〉
ψ
. (92)
The first-term on the right side can be computed by using (91). As for the second term,
employing (74), (76), (80), (81), and (83) we immediately get
C
(2)lw
σσ′ = Cσσ′
[
T −1∗σ,0 F lwσ2 + [T −1∗σ,1 F lwσ1 ]lw
+ [T −1∗σ,1 F swσ1 ]lw + [T −1∗σ,2 Fσ0]lw, T −1∗σ′,0 Fσ′0
]
+
(
Zστσ
Zσ′τσ′
)2
Cσσ′
[
T −1∗σ,0 Fσ0, T −1∗σ′,0 F lwσ′2
+ [T −1∗σ′,1 F lwσ′1]lw + [T −1∗σ′,1 F swσ′1]lw + [T −1∗σ′,2 Fσ′0]lw
]
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+
Zστσ
Zσ′τσ′
Cσσ′
[T −1∗σ,0 F lwσ1 + [T −1∗σ,1 Fσ0]lw, T −1∗σ′,0 F lwσ′1 + [T −1∗σ′,1 Fσ′0]lw]
+
Zστσ
Zσ′τσ′
[
Cσσ′
[
Tσ,0F
sw
σ1 −
Z2στσ
T
Tσ,0φ˜
sw
σ1T −1∗σ,0 Fσ0,Tσ′,0F swσ′1
− Z
2
σ′τσ′
T
Tσ′,0φ˜
sw
σ′1T −1∗σ′,0 Fσ′0
]]lw
. (93)
4.3.3. Final expression for the radial flux of toroidal angular momentum. We turn to
the first two terms on the right-hand side of (70). The second one is simple,
ǫ2s
2Zστ 2σ
1
V ′
∂ψ
〈
V ′∂ζ/ǫsϕR
2(ζˆ·
↔
Pσ ·ζˆ)
〉lw
ψ
=
ǫ3s
2Z2στ
3
σ
1
V ′
∂ψ
[〈
V ′∂ζ/ǫsϕ
sw
1 R
2(ζˆ·
↔
P
sw
σ1 ·ζˆ)
〉
ψ
]lw
, (94)
because only the short-wavelength, O(ǫs) piece of the stress tensor contributes. Namely,
↔
P
sw
σ1 (r, t) :=
∫
vv(T −1∗σ Fσ)sw1 (r,v, t)d3v, (95)
where (T −1∗σ Fσ)sw1 (r,v, t) is defined in (83).
The first term on the right-hand side of (70) can be rewritten as
ǫ2s
τ 2σ
〈
∂ζ/ǫsϕRNσ(Vσ · ζˆ)
〉lw
ψ
=
ǫ2s
τ 2σ
〈
∂ζ/ǫsϕ
sw
1 R(NσVσ)
sw
1 · ζˆ
〉lw
ψ
+
ǫ3s
Zστ 3σ
〈
∂ζ/ǫsϕ
sw
1 R(NσVσ)
sw
2 · ζˆ
〉lw
ψ
+
ǫ3s
τ 2σ
〈
∂ζ/ǫsϕ
sw
2 R(NσVσ)
sw
1 · ζˆ
〉lw
ψ
(96)
and therefore expressed in terms of
(NσVσ)
sw
j (r, t) := τσ
∫
v(T −1∗σ Fσ)swj (r,v, t)d3v (97)
for j = 1, 2. The quantity (T −1∗σ Fσ)sw1 has been given in (83) and (T −1∗σ Fσ)sw2 has been
given in (84).
We have found that the radial flux of toroidal angular momentum is
Πlw = ǫ2sΠ
lw
2 + ǫ
3
sΠ
lw
3 +O(ǫ
4
s), (98)
where
Πlw2 = −
∑
σ
1
2Z2στ
2
σ
〈∫ ∑
σ′
C
(1)lw
σσ′ R
2(v · ζˆ)2d3v
〉
ψ
+
∑
σ
1
τ 2σ
[〈
∂ζ/ǫsϕ
sw
1 R(NσVσ)
sw
1 · ζˆ
〉
ψ
]lw
(99)
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and
Πlw3 =
∑
σ
{
− 1
6Z3στ
3
σ
1
V ′
∂ψ
〈
V ′
∫ ∑
σ′
C
(1)lw
σσ′ R
3(v · ζˆ)3d3v
〉
ψ
− 1
2Z3στ
3
σ
〈∫ ∑
σ′
C
(2)lw
σσ′ R
2(v · ζˆ)2d3v
〉
ψ
+
1
2Zστ 2σ
〈R2〉ψ∂ǫ2
s
tpσ
+
1
2Z2στ
3
σ
1
V ′
∂ψ
〈
V ′∂ζ/ǫsϕ
sw
1 R
2(ζˆ·
↔
P
sw
σ1 ·ζˆ)
〉lw
ψ
+
1
Zστ 3σ
〈
∂ζ/ǫsϕ
sw
1 R(NσVσ)
sw
2 · ζˆ
〉lw
ψ
+
1
τ 2σ
〈
∂ζ/ǫsϕ
sw
2 R(NσVσ)
sw
1 · ζˆ
〉lw
ψ
− 1
2Zστ 2σ
〈∫
SσR
2(v · ζˆ)2d3v
〉
ψ
}
. (100)
The computation of the third term on the right-hand side of (100) indicates that the
transport equations for nσ and T are needed. To calculate nσ, we use the density
transport equation of each species. Since we are assuming that the temperatures of all
species are equal, we can use the transport equation for the total energy to determine T .
The required transport equations were calculated in [28] and can be found in subsection
6.3 of the present paper. Importantly, 〈F lwσ2 〉 does not enter these transport equations.
The piece 〈F lwσ2 〉 only enters the expression for Πlw through C(2)lwσσ′ , and it is clear that
adding a term (Z3στ
2
σϕ
lw
2 /T )Fσ0 to 〈F lwσ2 〉 in those terms does not change the result. This
is why the O(ǫ2s) long-wavelength quasineutrality equation is not needed.
Even though, in principle, Πlw2 dominates (98), this term is small in up-down
symmetric tokamaks due to a symmetry of the gyrokinetic equation, and it is comparable
to Πlw3 [20, 41, 2]. The feasibility of using external poloidal field coils to break up-down
symmetry and generate intrinsic rotation has been explored in [42, 43, 44]. The largest
second order momentum flux obtained from up-down asymmetry has been Πlw2 /Q ∼ 0.1,
where Q is the turbulent heat flux normalized by the gyroBohm heat flux. According to
[2, 45], Πlw3 /Q ∼ B/Bp. These estimates suggest that Πlw3 dominates over the up-down
asymmetry contribution to Πlw2 for (B/Bp)ǫ & 0.1. For (B/Bp)ǫ . 0.1, the importance
of Πlw3 depends on how up-down asymmetric the tokamak is. Note that according to
[44] not all possible up-down asymmetric shapes are equally effective.
The next sections are devoted to present the equations that give the short and long-
wavelength components of the distribution function and electrostatic potential that are
needed to evaluate the right sides of (99) and (100).
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5. Short-wavelength equations
In this section the equations that determine the short-wavelength components of the
distribution functions and electrostatic potential up to O(ǫ2s) are provided. The
equations to O(ǫs) constitute the standard set of gyrokinetic equations. We give them
for completeness in subsection 5.1. The equations for the O(ǫ2s) turbulent pieces are one
of the main results of this paper and are derived in subsections 5.2 and 5.3. Note that
the O(ǫ2s) short-wavelength equations given in [2] are valid only if B/Bp ≫ 1.
5.1. Short-wavelength Fokker-Planck and quasineutrality equations to first order
The first-order, short-wavelength terms of the Fokker-Planck equation are
1
τσ
∂tF
sw
σ1 +
(
ubˆ · ∇R − µbˆ · ∇RB∂u
)
F swσ1
+
[
Z2στσ
B
(
bˆ×∇R⊥/ǫσ〈φswσ1〉
)
· ∇R⊥/ǫσF swσ1
]sw
+
(
u2
B
bˆ× κ+ µ
B
bˆ×∇RB + Zσ
B
bˆ×∇Rϕ0
)
· ∇R⊥/ǫσF swσ1
+
Z2στσ
B
(
bˆ×∇R⊥/ǫσ〈φswσ1〉
)
· ∇RFσ0
−Z2στσ
(
bˆ · ∇R〈φswσ1〉+
u
B
bˆ× (bˆ · ∇Rbˆ) · ∇R⊥/ǫσ〈φswσ1〉
)
∂uFσ0
=
∑
σ′
〈
T ∗NP,σC(1)swσσ′
〉
. (101)
Here we have used that Fσ1 does not depend on the gyrophase and
C
(1)sw
σσ′ = Cσσ′
[
Tσ,0F
sw
σ1 −
Z2στσ
T
Tσ,0φ˜
sw
σ1T −1∗σ,0 Fσ0, T −1∗σ′,0 Fσ′0
]
+
Zστσ
Zσ′τσ′
Cσσ′
[
T −1∗σ,0 Fσ0,Tσ′,0F swσ′1 −
Z2σ′τσ′
T
Tσ′,0φ˜
sw
σ′1T −1∗σ′,0 Fσ′0
]
, (102)
where we have employed (83). The transformation (r,v) = TNP,σ(R, u, µ, θ) is defined
in (53).
As for the short-wavelength, first-order quasineutrality equation, we have∑
σ
∫
B
[
− Z2σφ˜swσ1 (r− ǫσρ(r, µ, θ), µ, θ, t)
Fσ0(r, u, µ, t)
Tσ(r, t)
+
1
τσ
F swσ1 (r− ǫσρ(r, µ, θ), u, µ, t)
]
dudµdθ = 0. (103)
These equations are well known and were derived in this form in reference [28].
They determine the lowest-order turbulent contributions to the fields, F swσ1 and ϕ
sw
1 .
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5.2. Short-wavelength Fokker-Planck equation to second order
In this section and in Section 5.3, we compute the O(ǫ2σ) terms of the short-wavelength
Fokker-Planck and quasineutrality equations, respectively.
5.2.1. Gyrophase-dependent component of F swσ2 . The equation that determines F
sw
σ2 −
〈F swσ2 〉 comes from the gyrophase-dependent part of the O(ǫσ) terms in the Fokker-Planck
equation (52),
∂θ (F
sw
σ2 − 〈F swσ2 〉)
= − 1
B
∑
σ′
(
T ∗NP,σC(1)swσσ′ −
〈
T ∗NP,σC(1)swσσ′
〉)
. (104)
5.2.2. Gyroaveraged component of F swσ2 . This subsection is devoted to the
manipulations leading to the final form of the second-order, short-wavelength,
gyroaveraged Fokker-Planck equation. Recall equation (52) and recall that R˙ and
u˙ are given in Appendix A. We have to identify the pieces of these equations of
motion that contribute to the gyroaveraged second-order Fokker-Planck equation at
short wavelengths.
Equation (A.1) can be written as R˙σ = R˙σ,0 + ǫσR˙σ,1 + ǫ
2
σR˙σ,2 + O(ǫ
3
σ), where
R˙σ,0 = ubˆ. The first-order terms are
R˙σ,1 =
1
B
bˆ× (u2κ+ µ∇RB)
+
Zσ
B
bˆ× (∇Rϕ0 + Zστσ∇R⊥/ǫσ〈φswσ1〉) , (105)
where κ := bˆ ·∇Rbˆ. We remind the reader that we are using the conventions (44), (45)
and (62), and also the formulae (63) and (64). The contribution of the second-order
terms of (A.1) is
R˙σ,2 =
−uµ
B
(∇R ×K)⊥ − u
3
B2
(bˆ× κ)(∇R × bˆ) · bˆ
+
(
Z2στσ∂uΨφB,σ + ∂uΨB,σ
)
bˆ
+
1
B
bˆ× (Z4στ 2σ∇R⊥/ǫσΨswφ,σ + Z2στσ∇R⊥/ǫσΨswφB,σ)
− u
B2
(∇R × bˆ) · bˆbˆ×
(
µ∇RB + Zσ∇Rϕ0 + Z2στσ∇R⊥/ǫσ〈φswσ1〉
)
+
1
B
bˆ× (Z2στσ∇Rϕlw1 + Z3στ 2σ∇R⊥/ǫσ〈φswσ2〉) , (106)
where K is defined in (A.6).
The terms corresponding to the equation of motion of the parallel velocity given in
(A.2) can be written as u˙σ = u˙σ,0 + ǫσu˙σ,1 + ǫ
2
σu˙σ,2 +O(ǫ
3
σ), where
u˙σ,0 = −µbˆ · ∇RB (107)
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and
u˙σ,1 = −Z2στσbˆ · ∇R
(〈φswσ1〉+ ϕlw1 )
− u
B
(bˆ× κ) · (µ∇RB + Zσ∇Rϕ0 + Z2στσ∇R⊥/ǫσ〈φswσ1〉) . (108)
As for the second-order terms, u˙σ,2, only the short-wavelength component contributes,
u˙swσ,2 =
−Z2στσbˆ · ∇R
(
Zστσ〈φswσ2〉+ Z2στσΨswφ,σ +ΨswφB,σ
)
−Z2στσ
u
B
(bˆ× κ) · ∇R⊥/ǫσ
(
Zστσ〈φswσ2〉+ Z2στσΨswφ,σ +ΨswφB,σ
)
+
Z2στσ
B
(
u2
B
(∇R × bˆ) · bˆ(bˆ× κ) + µ(∇R ×K)⊥
)
· ∇R⊥/ǫσ〈φswσ1〉. (109)
Then, the O(ǫ2σ), gyroaveraged terms of (52) at short wavelengths are
∂t〈F swσ2 〉+ τσ(ubˆ · ∇R − µbˆ · ∇RB∂u)〈F swσ2 〉
+
[
τσR˙σ,1 · ∇R⊥/ǫσ〈F swσ2 〉
]sw
+ τσu˙σ,0∂u〈F swσ2 〉
+τσR˙
sw
σ,1 · ∇RF lwσ1
+τσR˙
sw
σ,2 · ∇RFσ0 +
[
τσR˙σ,2 · ∇R⊥/ǫσF swσ1
]sw
+ [τσu˙σ,1∂uF
sw
σ1 ]
sw + τσu˙
sw
σ,1∂uF
lw
σ1 + τσu˙
sw
σ,2∂uFσ0 =〈[
τσ
∑
σ′
T ∗σ Cσσ′ [T −1∗σ Fσ, T −1∗σ′ Fσ′ ]
]sw
2
〉
, (110)
where we have used that the right-hand sides of (A.1), (A.2), and (A.4) are gyrophase-
independent, and so are Fσ1 and Fσ0. The gyrophase independence of the equations
of motion is the reason why (110) does not contain contributions from the equation of
motion for θ, (A.4).
Next, we deal with the collision terms in (110). First, we write them as〈[
τσ
∑
σ′
T ∗σ Cσσ′ [T −1∗σ Fσ, T −1∗σ′ Fσ′ ]
]sw
2
〉
=
〈
τσ
∑
σ′
T ∗σ,0Cσσ′ [T −1∗σ,0 Fσ0, (T −1∗σ′ Fσ′)sw2 ]
〉
+
〈
τσ
∑
σ′
T ∗σ,0Cσσ′ [(T −1∗σ Fσ)sw2 , T −1∗σ′0 Fσ′0]
〉
+
〈[
τσ
∑
σ′
T ∗σ,0Cσσ′ [(T −1∗σ Fσ)1, (T −1∗σ′ Fσ′)1]
]sw〉
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+
〈[
τσ
∑
σ′
T ∗σ,1Cσσ′ [T −1∗σ,0 Fσ0, (T −1∗σ′ Fσ′)1]
]sw〉
+
〈[
τσ
∑
σ′
T ∗σ,1Cσσ′ [(T −1∗σ Fσ)1, T −1∗σ′,0 Fσ′0]
]sw〉
. (111)
Let us start by writing the short-wavelength component of the action of T ∗σ,1 on any
phase-space function f(r,v):
[T ∗σ,1f ]sw = µˆswσ,1∂µ(T ∗σ,0f lw) + θˆswσ,1∂θ(T ∗σ,0f lw)
+[Rswσ,2 · ∇R⊥/ǫσ(T ∗NP,σf sw)]sw + [µswσ,1∂µ(T ∗NP,σf sw)]sw
+[θswσ,1∂θ(T ∗NP,σf sw)]sw + (Rlwσ,2 · ∇R⊥/ǫσ
+ulwσ,1∂u + µ
lw
σ,1∂µ + θ
lw
σ,1∂θ)T ∗NP,σf sw, (112)
with uˆσ,1, µˆσ,1, θˆσ,1 given in (C.5), and Rσ,2, uσ,1, µσ,1, θσ,1 given in (B.1), (B.2), (B.3),
(B.4). Note the difference between (Rσ,2, uσ,1, µσ,1, θσ,1) and (ρ, uˆσ,1, µˆσ,1, θˆσ,1). The
former give the give the lowest order terms of the perturbative transformation defined in
(55). The latter are the O(ǫσ) terms of the complete transformation Tσ from gyrokinetic
coordinates to euclidean coordinates.
Equation (112) is useful to write the two last terms on the right side of (111),〈[
τσ
∑
σ′
T ∗σ,1Cσσ′ [T −1∗σ,0 Fσ0, (T −1∗σ′ Fσ′)1]
]sw〉
+
〈[
τσ
∑
σ′
T ∗σ,1Cσσ′ [(T −1∗σ Fσ)1, T −1∗σ′,0 Fσ′0]
]sw〉
=
〈
τσ
∑
σ′
(µˆswσ,1∂µ + θˆ
sw
σ,1∂θ)T ∗σ,0C(1)lwσσ′
〉
+
〈[
τσ
∑
σ′
(Rswσ,2 · ∇R⊥/ǫσ + µswσ,1∂µ + θswσ,1∂θ)T ∗NP,σC(1)swσσ′
]sw〉
+
〈
τσ
∑
σ′
(Rlwσ,2 · ∇R⊥/ǫσ + ulwσ,1∂u + µlwσ,1∂µ + θlwσ,1∂θ)T ∗NP,σC(1)swσσ′
〉
, (113)
where C
(1)lw
σσ′ and C
(1)sw
σσ′ have been defined, respectively, in equations (91) and (102).
Define, for convenience,
(T −1∗σ Fσ)lw1 = T −1∗σ,0 F lwσ1 +
[T −1∗σ,1 Fσ0]lw , (114)
where the last term is given in (74). Using (83) and (114) we can write the third term
on the right side of (111) as the sum of three pieces:〈[
τσ
∑
σ′
T ∗σ,0Cσσ′ [(T −1∗σ Fσ)1, (T −1∗σ′ Fσ′)1]
]sw〉
=
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τσ
∑
σ′
T ∗σ,0Cσσ′ [(T −1∗σ Fσ)sw1 , (T −1∗σ′ Fσ′)lw1 ]
〉
+
〈
τσ
∑
σ′
T ∗σ,0Cσσ′ [(T −1∗σ Fσ)lw1 , (T −1∗σ′ Fσ′)sw1 ]
〉
+
〈[
τσ
∑
σ′
T ∗σ,0Cσσ′ [(T −1∗σ Fσ)sw1 , (T −1∗σ′ Fσ′)sw1 ]
]sw〉
. (115)
In order to reach explicit expressions for the first two terms on the right side of
(111), one needs (T −1∗σ Fσ)sw2 , which is given in (84).
5.3. Short-wavelength quasineutrality equation to second order
The effort made in previous sections immediately gives the O(ǫ2s) short-wavelength
contributions to (41) in terms of already calculated quantities. Namely,∑
σ
1
Zστ 2σ
∫
(T −1∗σ Fσ)sw2 d3v = 0, (116)
where (T −1∗σ Fσ)sw2 is given in (84).
6. Long-wavelength equations
The results of this section are taken from reference [28]. They are included in this paper
because, as we have seen in subsection 4.3, the O(ǫs) and O(ǫ
2
s) long-wavelength pieces
of the distribution functions and the O(ǫs) long-wavelength pieces of the electrostatic
potential are needed to compute the radial flux of toroidal angular momentum.
6.1. Long-wavelength Fokker-Planck equation up to second order
The equation for the first-order piece F lwσ is conveniently written in terms of
Glwσ1 := F
lw
σ1 +
{
Z2στσ
T
ϕlw1 +
Iu
B
(
Zσ
T
∂ψϕ0 +Υσ
)}
Fσ0, (117)
where
Υσ := ∂ψ lnnσ +
(
u2/2 + µB
T
− 3
2
)
∂ψ lnT . (118)
It reads(
ubˆ · ∇R − µbˆ · ∇RB∂u
)
Glwσ1
=
∑
σ′
T ∗σ,0Cσσ′
[
T −1∗σ,0
(
Glwσ1 −
Iu
B
ΥσFσ0
)
, T −1∗σ′,0 Fσ′0
]
+
∑
σ′
Zστσ
Zσ′τσ′
T ∗σ,0Cσσ′
[
T −1∗σ,0 Fσ0, T −1∗σ′,0
(
Glwσ′1 −
Iu
B
Υσ′Fσ′0
)]
. (119)
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In order to write the second-order, long-wavelength, gyroaveraged Fokker-Planck
equation, we define
Glwσ2 = 〈F lwσ2 〉+
Z3στ
2
σ
T
ϕlw2 Fσ0 +
Iu
B
∂ψG
lw
σ1 −
Z2στσϕ
lw
1
u
∂uG
lw
σ1
− I
B
(µ∂ψB + Zσ∂ψϕ0) ∂uG
lw
σ1 −
1
2
(
Z2στσϕ
lw
1
T
)2
Fσ0
− Z
2
στσIu
TB
ϕlw1 Fσ0
(
Zσ
T
∂ψϕ0 +Υσ − 1
T
∂ψT
)
− 1
2B2
(
(Iu)2 + µB|∇Rψ|2
) [− 2Zσ
T 2
∂ψϕ0∂ψT
+
(
Zσ
T
∂ψϕ0 +Υσ
)2
+ ∂2ψ lnnσ
+
(
u2/2 + µB
T
− 3
2
)
∂2ψ lnT
− u
2/2 + µB
T
(∂ψ lnT )
2 +
Zσ
T
∂2ψϕ0
]
Fσ0
+
[
Z2στσ
uB · ∇RΘF
sw
σ1 (bˆ×∇R⊥/ǫσ〈φswσ1〉) · ∇RΘ
]lw
−
〈
1
ubˆ · ∇RΘ
ρ · ∇RΘ
∑
σ′
T ∗σ,0C(1)lwσσ′
〉
− Z
4
στ
2
σ
2T 2
[〈
(φ˜swσ1)
2
〉]lw
Fσ0 + µbˆ · ∇R × bˆ
( u
B
∂µ − ∂u
)
Glwσ1
+
〈
T ∗σ,0
[T −1∗σ,1 F lwσ1]lw〉+ 〈T ∗σ,0 [T −1∗σ,2 Fσ0]lw〉 , (120)
where the two last terms are computed in (E.2) and (E.3).
Then, the equation is(
ubˆ · ∇R − µbˆ · ∇RB∂u
)
Glwσ2 + Z
2
στσ∂ǫ2stFσ0
− bˆ · ∇RΘ∂ψ
{
Z2στσ
B · ∇RΘ
[
F swσ1 (∇R⊥/ǫσ〈φswσ1〉 × bˆ) · ∇Rψ
]lw
+
1
bˆ · ∇RΘ
〈(
Iu
B
+ ρ · ∇Rψ
)∑
σ′
T ∗σ,0C(1)lwσσ′
〉}
− ∂u
{[
Z2στσF
sw
σ1
(
bˆ · ∇R〈φswσ1〉
+
µ
uB
∂ΘB(bˆ×∇RΘ) · ∇R⊥/ǫσ〈φswσ1〉
+
u
B
[bˆ× (bˆ · ∇Rbˆ)] · ∇R⊥/ǫσ〈φswσ1〉
)]lw
−
〈
I
B
(µ∂ψB + Zσ∂ψϕ0)
∑
σ′
T ∗σ,0C(1)lwσσ′
〉}
Radial transport of toroidal angular momentum in tokamaks 29
+ ∂µ
〈
1
B
ρ · ∇Rψ (µ∂ψB + Zσ∂ψϕ0)
∑
σ′
T ∗σ,0C(1)lwσσ′
〉
= −
∑
σ′
∂u
〈[
Z2στσϕ
lw
1
u
+ µbˆ · ∇R × bˆ
− 1
u
ρ ·
(
µ∂ΘB∇RΘ+ u2bˆ · ∇Rbˆ
)]
T ∗σ,0C(1)lwσσ′
〉
+
∑
σ′
∂µ
〈[
uµ
B
bˆ · ∇R × bˆ
− 1
B
ρ ·
(
µ∂ΘB∇RΘ+ u2bˆ · ∇Rbˆ
)]
T ∗σ,0C(1)lwσσ′
〉
+
∑
σ′
[〈
T ∗σ,1C(1)swσσ′
〉]lw
+
∑
σ′
〈
T ∗σ,0C(2)lwσσ′
〉
+ Z2στ
2
σ
〈T ∗σ,0Sσ〉 . (121)
The term
〈
T ∗σ,0C(2)lwσσ′
〉
is given in Appendix E, whereas the gyroaverage of [T ∗σ,1C(1)swσσ′ ]lw
was computed in [28] and the result is〈[
T ∗σ,1Cswσσ′
]lw〉
= −∂µ
〈[
Z2στσ
B
φ˜swσ1{
T ∗NP,σCσσ′
[
Tσ,0F
sw
σ1 −
Z2στσ
T
Tσ,0φ˜
sw
σ1T −1∗σ,0 Fσ0, T −1∗σ′,0 Fσ′0
]
+
Zστσ
Zσ′τσ′
T ∗NP,σCσσ′
[
T −1∗σ,0 Fσ0,Tσ′,0F swσ′1
− Z
2
σ′τσ′
T
Tσ′,0φ˜
sw
σ′1T −1∗σ′,0 Fσ′0
]}]lw〉
. (122)
In equation (121) we have added the source term Z2στ
2
σ
〈T ∗σ,0Sσ〉 that was not considered
in reference [28].
As explained in detail in subsection 5.1 of reference [28], the long-wavelength
Fokker-Planck equation, at any order in ǫσ, has a non-zero kernel. In order to fix
the component along the kernel, one has to impose some conditions. For instance, we
can impose, for j = 1, 2,〈∫
BGlwσjdudµdθ
〉
ψ
= 0, for every σ, and〈∑
σ
1
Zjστ
j
σ
∫
B
(
u2/2 + µB
)
Glwσjdudµdθ
〉
ψ
= 0. (123)
This is a natural way to fix the ambiguity but there are infinitely many different
possibilities.
Radial transport of toroidal angular momentum in tokamaks 30
6.2. Long-wavelength quasineutrality equation to first order
To order ǫ0s, the quasineutrality equation simply gives a relation among the densities of
Fσ0, ∑
σ
Zσnσ(r, t) = 0. (124)
In terms of the function Glwσ1 defined in (117), the quasineutrality equation to first
order gives∑
σ
(
1
τσ
∫
B(r)Glwσ1(r, u, µ, t)dudµdθ
−Z
2
σ
T
nσ(r, t)ϕ
lw
1 (r, t)
)
= 0. (125)
It is important to note that ϕlw1 can be determined from the above equation only up
to an additive function of ψ. This is connected to the ambiguity in the determination
of F lwσ1 mentioned at the end of subsection 6.1. In other words, only bˆ · ∇Rϕlw1 can be
found. Without loss of generality, we take〈
ϕlw1
〉
ψ
= 0. (126)
Again, a longer discussion on this is given in subsection 5.1 of reference [28].
6.3. Transport equations for density and energy
Momentum transport calculations require knowledge of the time evolution of the
functions of ψ entering the Maxwellian, i.e. the density of each species and the
temperature, which is the same for all of them. We take the relevant transport equations
from [28]. The equation for nσ is
∂ǫ2
s
tnσ(ψ, t) =
1
V ′(ψ)
∂ψ
〈
V ′(ψ)
∫
dudµdθ
{
[
F swσ1 (∇R⊥/ǫσ〈φswσ1〉 × bˆ) · ∇Rψ
]lw
+
B
Z2στσ
〈(
Iu
B
+ ρ · ∇Rψ
)∑
σ′
C
(1)lw
σσ′
〉}〉
ψ
+
〈∫
B
〈T ∗σ,0Sσ〉 dudµdθ〉
ψ
. (127)
As we have explained in subsection 4.3, with these equations and the transport equation
for the total energy,
∂ǫ2
s
t
(∑
σ
3
2
nσ(ψ, t)T (ψ, t)
)
=
1
V ′(ψ)
∂ψ
〈
V ′(ψ)
∫ (
u2/2 + µB
)∑
σ
{
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F swσ1 (∇R⊥/ǫσ〈φswσ1〉 × bˆ) · ∇Rψ
]lw
+
B
Z2στσ
〈(
Iu
B
+ ρ · ∇Rψ
)∑
σ′
T ∗σ,0C(1)lwσσ′
〉}
dudµdθ
〉
ψ
−
〈∑
σ
∫
B
[
F swσ1
(
ubˆ · ∇R〈φswσ1〉
+
µ
B
(bˆ×∇RB) · ∇R⊥/ǫσ〈φswσ1〉
+
u2
B
[bˆ× (bˆ · ∇Rbˆ)] · ∇R⊥/ǫσ〈φswσ1〉
)]lw
dudµdθ
〉
ψ
+
〈∑
σ,σ′
1
Z2στσ
∫
B
(
u2/2 + µB
) [〈T ∗σ,1C(1)swσσ′ 〉]lw dudµdθ〉
ψ
+
∑
σ
〈∫
B
(
u2
2
+ µB
)〈T ∗σ,0Sσ〉 dudµdθ〉
ψ
, (128)
the transport equation for the temperature can be calculated.
Note that the calculation of density and energy transport only requires gyrokinetic
equations correct to O(ǫs). In other words, it is not necessary to know the long-
wavelength radial electric field to solve the transport equations for nσ and T . Higher
order gyrokinetic equations are needed to determine the transport of toroidal angular
momentum. This is in contrast to what happens in the high-flow ordering [46, 47, 48,
49, 50], where the plasma velocity is assumed to be O(cs). In that setting, density,
energy and toroidal angular momentum transport can be calculated from the solution
of the gyrokinetic equations to O(ǫs).
7. Conclusions
Recently, it has been proven that the computation of radial transport of toroidal angular
momentum in a tokamak requires, in the low flow regime, high-order gyrokinetics [1].
This issue has received much attention because the problem is equivalent to determining
the tokamak intrinsic rotation profile. In references [26, 27, 2], the equations needed
to calculate intrinsic rotation have been given under the assumption B/Bp ≫ 1, where
Bp is the magnitude of the poloidal magnetic field. However, a set of equations valid
for tokamaks with large Bp was missing, and it has been derived in this paper. In this
section, we restrict ourselves to point out the equations in the text that have to be
solved by a code intended to calculate radial transport of toroidal angular momentum
in a tokamak. Denote by ǫs ∼ ρi/L the gyrokinetic expansion parameter, where ρi is
the ion Larmor radius and L is the variation length of the magnetic field. One needs
The Fokker-Planck equation at short-wavelengths up to O(ǫ2s), equations (101),
(104) and (110);
The quasineutrality equation at short-wavelengths up to O(ǫ2s), equations (103) and
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(116);
The Fokker-Planck equation at long-wavelengths up to O(ǫ2s), equations (119) and
(121);
The quasineutrality equation at long-wavelengths to O(ǫs), equation (125);
The transport equation for the density of each species σ, (127), and for the total
energy, (128);
The formula for the radial flux of toroidal angular momentum, equations (98), (99)
and (100).
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Appendix A. Gyrokinetic equations of motion
The gyrokinetic equations of motion derived in [29] are reproduced here,
R˙ =(
u+ Z2στσǫ
2
σ∂uΨφB,σ + ǫ
2
σ∂uΨB,φ
) B∗σ
B∗||,σ
+
1
B∗||,σ
bˆ×
(
ǫσµ∇RB + Z2στσǫσ∇R⊥/ǫσ〈φσ〉
+ Z4στ
2
σǫ
2
σ∇R⊥/ǫσΨφ,σ + Z2στσǫ2σ∇R⊥/ǫσΨφB,σ
+ Z4στ
2
σǫ
3
σ∇RΨφ,σ + Z2στσǫ3σ∇RΨφB,σ + ǫ3σ∇RΨB,σ
)
, (A.1)
u˙ =
− µ
B∗||,σ
B∗σ · ∇RB − Z2στσǫσbˆ · ∇R〈φσ〉
− Z4στ 2σǫ2σbˆ · ∇RΨφ,σ − Z2στσǫ2σbˆ · ∇RΨφB,σ
− ǫ2σbˆ · ∇RΨB,σ −
1
B∗||,σ
[
ubˆ× (bˆ · ∇Rbˆ)
− ǫσµ(∇R ×K)⊥
]
·
(
Z2στσǫσ∇R⊥/ǫσ〈φσ〉
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+ Z4στ
2
σǫ
2
σ∇R⊥/ǫσΨφ,σ + Z2στσǫ2σ∇R⊥/ǫσΨφB,σ
+ Z4στ
2
σǫ
3
σ∇RΨφ,σ + Z2στσǫ3σ∇RΨφB,σ + ǫ3σ∇RΨB,σ
)
, (A.2)
µ˙ = 0, (A.3)
θ˙ = − 1
ǫσ
B +O(1). (A.4)
Here,
B∗σ(R, u, µ) := B(R) + ǫσu∇R × bˆ(R)− ǫ2σµ∇R ×K(R) (A.5)
and
K(R) :=
1
2
bˆ(R)bˆ(R) · ∇R × bˆ(R)−∇Reˆ2(R) · eˆ1(R). (A.6)
The last term of (A.6) depends on the definition of the gyrophase, i.e. on the choice
of eˆ1(R) and eˆ2(R). It is common to say that this term is “gyrogauge dependent”.
However, only ∇R × K(R) enters the gyrokinetic equations, which was shown to be
gyrogauge independent in [51].
The parallel component of B∗σ,
B∗||,σ(R, u, µ) := B
∗
σ(R, u, µ) · bˆ(R) =
B(R) + ǫσubˆ(R) · ∇R × bˆ(R)
−ǫ2σµbˆ(R) · ∇R ×K(R), (A.7)
is the Jacobian of the gyrokinetic transformation Tσ to O(ǫ2σ). Finally,
Ψφ,σ =
1
2B2
〈
∇(R⊥/ǫσ)Φ˜σ ·
(
bˆ×∇(R⊥/ǫσ)φ˜σ
)〉
− 1
2B
∂µ〈φ˜2σ〉, (A.8)
ΨφB,σ = − u
B
〈(
∇(R⊥/ǫσ)φ˜σ × bˆ
)
· ∇Rbˆ · ρ
〉
− µ
2B2
∇RB · ∇(R⊥/ǫσ)〈φσ〉 −
1
B
∇RB · 〈φ˜σ ρ〉
− 1
4B
〈
∇(R⊥/ǫσ)φ˜σ ·
[
ρρ− (ρ× bˆ)(ρ× bˆ)
]
· ∇RB
〉
− u
2
B
bˆ · ∇Rbˆ ·
〈
∂µφ˜σ ρ
〉
− u
2
2µB
bˆ · ∇Rbˆ · 〈φ˜σ ρ〉
+
u
4
∇Rbˆ :
〈
∂µφ˜σ
[
ρ(ρ× bˆ) + (ρ× bˆ)ρ
]〉
+
u
4µ
∇Rbˆ :
〈
φ˜σ
[
ρ(ρ× bˆ) + (ρ× bˆ)ρ
]〉
(A.9)
and
ΨB,σ = −3u
2µ
2B2
bˆ · ∇Rbˆ · ∇RB
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+
µ2
4B
(
↔
I −bˆbˆ) : ∇R∇RB · bˆ
− 3µ
2
4B2
|∇R⊥B|2 +
u2µ
2B
∇Rbˆ : ∇Rbˆ
+
(
µ2
8
− u
2µ
4B
)
∇R⊥bˆ : (∇R⊥bˆ)T
−
(
3u2µ
8B
+
µ2
16
)
(∇R · bˆ)2
+
(
3u2µ
2B
− u
4
2B2
)
|bˆ · ∇Rbˆ|2
+
(
u2µ
8B
− µ
2
16
)
(bˆ · ∇R × bˆ)2. (A.10)
Here
↔
M
T
is the transpose of an arbitrary matrix matrix
↔
M and
Φ˜σ(R, µ, θ, t) :=
∫ θ
φ˜σ(R, µ, θ
′, t)dθ′ , (A.11)
where the lower limit of the integral is chosen such that 〈Φ˜σ〉 = 0.
Appendix B. Lowest-order terms of the perturbative transformation, TP,σ
The expressions for the corrections Rσ,2, uσ,1, µσ,1, and θσ,1 found in [29], and valid for
arbitrary magnetic geometry, are
Rσ,2 = − 2u
B
bˆbˆ · ∇Rbˆ · (ρ× bˆ)− u
B
bˆ×∇Rbˆ · ρ
− 1
8
bˆ
[
ρρ− (ρ× bˆ)(ρ× bˆ)
]
: ∇Rbˆ
− 1
2B
ρρ · ∇RB − Z
2
στσ
B2
bˆ×∇(R⊥/ǫσ)Φ˜σ, (B.1)
uσ,1 = ubˆ · ∇Rbˆ · ρ
− B
4
[
ρ(ρ× bˆ) + (ρ× bˆ)ρ
]
: ∇Rbˆ, (B.2)
µσ,1 = − Z
2
στσφ˜σ
B
− u
2
B
bˆ · ∇Rbˆ · ρ
+
u
4
[
ρ(ρ× bˆ) + (ρ× bˆ)ρ
]
: ∇Rbˆ, (B.3)
θσ,1 =
Z2στσ
B
∂µΦ˜σ +
u2
2µB
bˆ · ∇Rbˆ · (ρ× bˆ)
+
u
8µ
[
ρρ− (ρ× bˆ)(ρ× bˆ)
]
: ∇Rbˆ
+
1
B
(ρ× bˆ) · ∇RB. (B.4)
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Appendix C. Gyrokinetic transformation, Tσ, to first order
In this appendix we provide explicit expressions for the gyrokinetic transformation
(r,v) = Tσ(R, u, µ, θ, t) to order ǫσ. Define
v|| := v · bˆ(r), (C.1)
µ0 :=
(v − v||bˆ(r))2
2B(r)
, (C.2)
θ0 := arctan
(
v · eˆ2(r)
v · eˆ1(r)
)
. (C.3)
The result is
r = R+ ǫσρ+O(ǫ
2
σ),
v|| = u+ ǫσuˆσ,1 +O(ǫ
2
σ),
µ0 = µ+ ǫσµˆσ,1 +O(ǫ
2
σ),
θ0 = θ + ǫσθˆσ,1 +O(ǫ
2
σ), (C.4)
where
uˆσ,1 = ubˆ · ∇Rbˆ · ρ+ B
4
[ρ(ρ× bˆ) + (ρ× bˆ)ρ] : ∇Rbˆ
− µbˆ · ∇R × bˆ,
µˆσ,1 = − µ
B
ρ · ∇RB − u
4
(
ρ(ρ× bˆ) + (ρ× bˆ)ρ
)
: ∇Rbˆ
+
uµ
B
bˆ · ∇R × bˆ− u
2
B
bˆ · ∇Rbˆ · ρ− Z
2
στσ
B
φ˜σ1,
θˆσ,1 = (ρ× bˆ) ·
(
∇R lnB + u
2
2µB
bˆ · ∇Rbˆ
− bˆ×∇Reˆ2 · eˆ1
)
− u
8µ
(
ρρ− (ρ× bˆ)(ρ× bˆ)
)
: ∇Rbˆ
+
u
2B2
bˆ · ∇RB + Z
2
στσ
B
∂µΦ˜σ1. (C.5)
Note the difference between (Rσ,2, uσ,1, µσ,1, θσ,1), defined in Appendix B, and
(ρ, uˆσ,1, µˆσ,1, θˆσ,1). The former give the give the lowest order terms of the perturbative
transformation defined in (55). The latter are the O(ǫσ) terms of the complete
transformation Tσ from gyrokinetic coordinates to euclidean coordinates.
It is useful to have the long-wavelength limit of the previous expressions at hand.
Employing (63) and (64), we get
uˆlwσ,1 = uˆσ,1
µˆlwσ,1 = −
µ
B
ρ · ∇RB − u
4
(
ρ(ρ× bˆ) + (ρ× bˆ)ρ
)
: ∇Rbˆ
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+
uµ
B
bˆ · ∇R × bˆ− u
2
B
bˆ · ∇Rbˆ · ρ− Zσ
B
ρ · ∇Rϕ0,
θˆlwσ,1 = (ρ× bˆ) ·
(
∇R lnB + u
2
2µB
bˆ · ∇Rbˆ
− bˆ×∇Reˆ2 · eˆ1
)
− u
8µ
(
ρρ− (ρ× bˆ)(ρ× bˆ)
)
: ∇Rbˆ
+
u
2B2
bˆ · ∇RB + Zσ
2µB
(
ρ× bˆ
)
· ∇Rϕ0. (C.6)
To write (74) in Section 4.3, we need to calculate the long-wavelength limit of
T −1∗σ Fσ0 to first order in ǫσ. Inverting (C.4) to first order, and recalling (C.6) and the
relations ∂uFσ0 = −(u/T )Fσ0, ∂µFσ0 = −(B/T )Fσ0, one finds (74).
The results of this appendix are also used in equations (80) and (81).
Appendix D. Second-order transformation of the Maxwellian at
short-wavelengths
In this section we derive [T −1∗σ,2 Fσ0]sw. We proceed in a way analogous to that employed in
Appendix G of [28]. Since Fσ0 is a Maxwellian that depends only onR and u
2/2+µB(R),
we deduce that
T −1∗σ,2 Fσ0 =
1
2B2
(v × bˆ)(v × bˆ) :
[
∇r∇r lnnσ +
(
v2
2T
− 3
2
)
∇r∇r lnT
− v
2
2T 3
∇rT∇rT +
(∇rnσ
nσ
+
(
v2
2T
− 3
2
) ∇rT
T
)(∇rnσ
nσ
+
(
v2
2T
− 3
2
) ∇rT
T
)]
T −1∗σ,0 Fσ0
+R02 ·
(∇rnσ
nσ
+
(
v2
2T
− 3
2
) ∇rT
T
)
T −1∗σ,0 Fσ0
− 1
B
H01(v × bˆ) ·
(∇rnσ
nσ
+
(
v2
2T
− 5
2
) ∇rT
T
)T −1∗σ,0 Fσ0
T
+
1
2
H201
T −1∗σ,0 Fσ0
T 2
−H02
T −1∗σ,0 Fσ0
T
, (D.1)
where the functions R02, H01 and H02 are given by
R = r+
ǫσ
B
v × bˆ+ ǫ2σR02 +O(ǫ3σ) (D.2)
and
T −1∗σ
(
u2
2
+ µB(R)
)
=
v2
2
+ ǫσH01 + ǫ
2
σH02 +O(ǫ
3
σ). (D.3)
Unlike in reference [28], we need the short-wavelength component of (D.1),[T −1∗σ,2 Fσ0]sw =
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+Rsw02 ·
(∇rnσ
nσ
+
(
v2
2T
− 3
2
) ∇rT
T
)
T −1∗σ,0 Fσ0
− 1
B
Hsw01 (v × bˆ) ·
(∇rnσ
nσ
+
(
v2
2T
− 5
2
) ∇rT
T
)T −1∗σ,0 Fσ0
T
+
1
2
[
H201
]sw T −1∗σ,0 Fσ0
T 2
−Hsw02
T −1∗σ,0 Fσ0
T
. (D.4)
The coefficients Rsw02 and H01 are obtained following Appendix G of [28], easily arriving
at
Rsw02 =
Z2στσ
B2
bˆ× Tσ,0∇R⊥/ǫσΦ˜swσ1, (D.5)
H lw01 = −
Zσ
B
(v × bˆ) · ∇rϕ0, (D.6)
Hsw01 = Z
2
στσTσ,0φ˜
sw
σ1. (D.7)
In order to find Hsw02 we recall (G.9) in reference [28],
T ∗σ
(
v2
2
+ Z2στσǫσϕ(r, t)
)
=
u2
2
+ µB(R) + Z2στσǫσ〈φσ〉(R, µ, t)
+Z4στ
2
σǫ
2
σΨφ,σ + Z
2
στσǫ
2
σΨφB,σ + ǫ
2
σΨB,σ
−Z
2
στσǫ
2
σ
B
∂tΦ˜σ +O(ǫ
3
σ). (D.8)
It is almost immediate to see that
Hsw02 = Z
3
στ
2
σϕ
sw
2 (r, t)− Z2στσ[R02 · Tσ,0∇R⊥/ǫσ〈φswσ1〉]sw
+Z2στσ[Tσ,0µˆ
sw
σ1Tσ,0∂µ〈φswσ1〉]sw + Z2στσT −1∗σ,0 µˆlwσ1Tσ,0∂µ〈φswσ1〉
−Z3στ 2σTσ,0〈φswσ2〉 − Z4στ 2σTσ,0Ψφ,σ − Z2στσTσ,0ΨφB,σ
+
Z2στσ
B
Tσ,0∂tΦ˜
sw
σ , (D.9)
where T −1∗σ,0 µˆlwσ1 and Tσ,0µˆswσ1 can be found in (86) and (88).
Equation (D.4), together with (D.5), (D.6), (D.7) and (D.9), give an explicit
expression for [T −1∗σ,2 Fσ0]sw.
Appendix E. Computation of the gyroaverage of C
(2)lw
σσ′
In this appendix we calculate the gyroaverage of (93). First, we can write〈
T ∗σ,0C(2)lwσσ′
〉
= T ∗σ,0Cσσ′
[
T −1∗σ,0
〈
F lwσ2
〉
+ T −1∗σ,0
〈T ∗σ,0[T −1∗σ,1 F lwσ1 ]lw〉
+T −1∗σ,0
〈T ∗σ,0[T −1∗σ,2 Fσ0]lw〉 , T −1∗σ′,0 Fσ′0]+ ( ZστσZσ′τσ′
)2
T ∗σ,0Cσσ′
[
T −1∗σ,0 Fσ0,
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T −1∗σ′,0
〈
F lwσ′2
〉
+ T −1∗σ′,0
〈T ∗σ′,0[T −1∗σ′,1 F lwσ′1]lw〉+ T −1∗σ′,0 〈T ∗σ′,0[T −1∗σ′,2 Fσ′0]lw〉 ]
+
Zστσ
Zσ′τσ′
〈T ∗σ,0Cσσ′ [T −1∗σ,0 F lwσ1 + [T −1∗σ,1 Fσ0]lw, T −1∗σ′,0 F lwσ′1 + [T −1∗σ′,1 Fσ′0]lw]〉
+
Zστσ
Zσ′τσ′
〈
T ∗σ,0
[
Cσσ′
[
Tσ,0F
sw
σ1 −
Z2στσ
T
Tσ,0φ˜
sw
σ1T −1∗σ,0 Fσ0,Tσ′,0F swσ′1
−Z
2
σ′τσ′
T
Tσ′,0φ˜
sw
σ′1T −1∗σ′,0 Fσ′0
]]lw〉
, (E.1)
where we have used that
〈T ∗σ,0[T −1∗σ,1 F swσ1 ]lw〉 = 0. Here,〈T ∗σ,0[T −1∗σ,1 F lwσ1 ]lw〉 = µbˆ · ∇R × bˆ(∂u − uB∂µ)F lwσ1 , (E.2)
and〈T ∗σ,0[T −1∗σ,2 Fσ0]lw〉 =
µ
2B
(
↔
I −bˆbˆ) :
[
∇R∇R lnnσ +
(
u2/2 + µB
T
− 3
2
)
∇R∇R lnT
]
Fσ0
− µ
B
Zσ
T 2
∇Rϕ0 · ∇RTFσ0 − µ
2B
u2/2 + µB
T 3
|∇RT |2Fσ0
+
µ
2B
∣∣∣∣∇Rnσnσ + Zσ∇Rϕ0T +
(
u2/2 + µB
T
− 3
2
) ∇RT
T
∣∣∣∣2Fσ0
− µ
2B2
∇R⊥B ·
(∇Rnσ
nσ
+
Zσ∇Rϕ0
T
+
(
u2/2 + µB
T
− 3
2
) ∇RT
T
)
Fσ0
+
Z4στ
2
σ
2T 2
[〈
(φ˜swσ1)
2
〉]lw
Fσ0 +
1
T
[
− Z
2
σ
2B2
|∇Rϕ0|2
−Z
4
στ
2
σ
2B
∂µ
[〈
(φ˜swσ1)
2
〉]lw
− 3Zσµ
2B2
∇R⊥B · ∇Rϕ0
−Zσu
2
B2
bˆ · ∇Rbˆ · ∇Rϕ0 +ΨB,σ
+
Zσµ
B
(
↔
I −bˆbˆ) : ∇R∇Rϕ0
]
Fσ0. (E.3)
This last result has been obtained by gyroaveraging (76).
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